JOURNAL OF APPROXIMATION THEORY 83, 1-40 (1995)

Generalized Orthogonality and Continued Fractions*
MouraD E. H. IsmAIL
Department of Mathematics, University of South Florida, Tampa, Florida 33620, US.A.

AND
Davib R. MasSsoN

Depariment of Mathematics, University of Toronto, Toronto, Ontario, Canada M358 i4/{
Communicated by Doron S. Lubinsky

Received March 3, 1994; accepted in revised form August 2, 1994

The connection between continued fractions and orthogonality which is familiar
for J-fractions and T-fractions is extended to what we call R-fractions of types I
and II. These continued fractions are associated with recurrence relations that
correspond to multipoint rational interpolants. A Favard type theorem is proved
for each type. We then study explicit models which lead to biorthogonal rational
functions. . 1995 Academic Press, Inc.

1. INTRODUCTION

There is a close connection between the theory of orthogonal polyno-
mials and continued fractions. This connection is clearest in the case of the
classical moment problem where orthogonality is with respect to a positive
measure whose Stieltjes transform is represented by a positive definite
J-fraction (see [ 21, 31]). This connection is known to extend to the quasi-
definite case where the measure and the J-fraction are no longer positive
and positive definite, respectively [7, 12]. Another extension is by means
of T-fractions and their connection with the trigonometric moment
problem [20, 21, 29]. With both types of extensions one has a Favard type
theorem establishing orthogonality with respect to a unique moment func-
tional, given the three term recurrence relation satisfied by the polynomials
under consideration. More importantly there is always a spectral
measure(s) associated with these problems and by determining the regions
where the associated continued fraction diverges one can locate the support
of the corresponding spectral measure(s). Furthermore by finding the limits
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2 ISMAIL AND MASSON

to which the associated continued fraction converges one can compute, at
least in theory, the spectral measure(s).

In this paper we shall examine two further natural extenstons which,
from a different point of view, are associated with multipoint rational inter-
polants or Padé approximants [ 10, 1, 25, 14, 28]. We call the new types
of continued fractions “R-fractions.” We establish a Favard type theorem
for R-fractions. We also establish the existence of a natural Borel measure
associated with R-fractions. In general we show the existence of rational
biorthogonality with respect to this Borel measure. We demonstrate by
means of examples how our general approach can yield explicit
biorthogonal systems of rational functions and can lead to the evaluation
of some types of beta integrals.

In Section 2 we consider what we call continued fractions of type R,.
Such continued fractions are associated with the polynomial recurrence
relation

P (x)—(x—c¢,) P, ((x)+A,(x—a,) P, »(x})=0. (L.1)

"

In addition to proving a Favard type theorem for R;- fractions in
Section 2, we also establish a biorthogonality relation for rational
functions. Section 2 contains, as an application of our results, a new
evaluation of a ¢-beta integral of Ramanujan and an alternate derivation
of a biorthogonality relation due to Pastro [26]. Pastro’s original proof
involves the aforementioned integral of Ramanujan. [t 1s worth noting
that we obtain both the evaluation of the ¢-beta integral and the
biorthogonality relation from the same result on R,-fractions. An addi-
tional result is the evaluation of the Herglotz transform of the Borel
measure involved.

In Section 3 we consider continued fractions of type R,, which are
associated with polynomial recurrence relation

Px)—(x—c ) P, () + i (x—a)x—b,) P, »(x)=0. (1.2)

In Section 3 we follow the same plan as in Section 2. We prove a represen-
tation theorem for moment functionals associated with (1.2) and study the
convergence of the corresponding continued fraction. We also identify
biorthogonal rational functions that arise naturally from the recurrence
relation (1.2).

The letter R in our terminology is used to emphasize that the corre-
sponding continued fractions are associated with rational interpolation and
rational biorthogonality.

To illustrate our ideas we include seven examples where we have applied
our general results to concrete situations. We have already mentioned that
in Section 2, we rederive a result of Pastro {26]. In Section 3 we give two
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new systems of biorthogonal rational functions associated with continued
fraction of type R,;. The first is based on the R,, recurrence relation with
constant coefficients which corresponds to Chebyshev polynomials. The
second uses , F, contiguous relations and yields a weight function which is
the integrand in the Cauchy beta integral. Section 4 contains two examples
of biorthogonal ,¢, rational functions based on solutions to the
Askey-Wilson three term recurrence relation. The first rederives a system
of biorthogonal rational functions due to Al-Salam and Ismail [1]. The
second turns out to yield special cases of a biorthogonality related to ¢~ '-
Hermite polynomials [18]. Section 5 contains two additional examples
based on a modification of the Askey—Wilson recurrence. The first is new
and unexpected. It provides an integral representation for a ,¢, basic
hypergeometric function and a special case of it leads to rational
biorthogonality on [ —1, 1] based on the elementary integral

2 ’~‘ 1 —x?dx 1 (1.3)
T (=20 4+ %)l =20x+8%) 1—ad ’
The second. which is originally due to Rahman [27], evaluates a ¢-beta
integral of the type studied by Askey and Wilson and derives an associated
system of rational functions biorthogonal on [ —1, 1]. The biorthogonality
is between a {,¢:;} and {,4;} pair. The methodology followed in the
examples combines contiguous relations for hypergeometric or basic hyper-
geometric functions with Pincherle’s theorem [21, 22]. This methodology
proved fruitful in other types of continued fractions [ 17, 12, 16, 23, 32, 33].

We shall mostly follow the notation of Gasper and Rahman in [9]. The
shifted factorials and multishifted factorials are

(a), =1, (a), =]] (a+j—1), n>0, (1.4)

J=1

and
k
(aroay. - ahy =] (@), (1.5)
j=1
respectively, and a hypergeometric function is

a,,dy, --+,d,
rF\‘(al*az* '”’ar;hl‘bl‘ *b\*:)'—_iF\<b [ b
15020 00 0y

-1

g (by, by, ---, b, n! (1.6)
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The g-shifted and multishifted factorials are similarly defined by

(a; q)o =1, (@), =[] (1 —ag’""),

n>0,0rn=oc, (1.7)
j=1

k
(alv Aoy o5 Uy q)n = ]._.[ (aj; ([)n'

(1.8)
=1
A basic hypergeometric series is

r¢.\'(alsa’ls "'sar;blsts sqs:)
_ al’az,...,ar .
—r¢,\<bl,b2, _”’b‘v q"‘)
e i (alﬁa"’ "'7ar;q)n [(‘1)'1 q"‘""“)'ﬂz]l—*ﬂ'*’z" (l 9)

wTo (bribay o b q), (95 @)n ' '

Another useful notation is the shorthand notation for a very well-poised
basic series. We shall use

. d, \/@ —\/E b,c,d e, f >
Wila; b, e, d, e, f,z) = ‘ ‘ 1qg.z1.
8 7(61 o, d, e f ) S¢7 <\/_’ —\/C_l, (l({,/'h, aq/c‘, Cl([/d, aq/’e, Clq// q

(1.10)
The biorthogonality based on (1.3) which we alluded to earlier is
2 ¢t C . 5 (20)" (4, ¢ q)»
- X; 0, n (X5 ,0 |l —x"dx= N ) n, o
2 L s 0.0t 0 T e s G s O

(1.11)
with max{|«|, |d]} <1 and f, is defined by

1 wn’ (X.é n’ meiﬁ’ xe — it
SAx; , 3) 5=T""—‘—7 493 <q 7

i i i ’ X = 0
—2ax + a” a0, que’, gue q 4) X = C0s
(1.12)
The functions in (1.12) can be expressed in the simpler form
- (45 4)n (g™, q),  (— 1)k gkt —bor
fulx;2,8)= Y 7.9 4" 4 q

e (113)
o (GG Dk (205 q) 1 =205 x + 0>

The expression (g; ¢),/(q; 9)« (¢; ), 15 the Gaussian binomial coefficient.
The functions { f(x; «, )} are biorthogonal with respect to the weight function
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of the Chebyshev polynomials of the second kind and may play an impor-
tant role in a future theory of biorthogonal rational functions.

2. R;-FRACTIONS

We begin this section with a Favard type theorem for the polynomial
recurrence (2.1} below. We then outline how orthogonality may be realized
in terms of the properties of what we will call an R, type continued
fraction. We also include an example to illustrate this approach.

We first establish a Favard type theorem which is Theorem 2.1. Consider
a system of monic orthogonal polynomials generated by

P,,(X) :‘(X_Cn) Pnfl(x) _)"n(x—an) Pnh—2(x)*
P_ (x):=0, Py(x):=1,

(2.1)

where
Ay #0, P.a,,)#0, n=12, ..

The recurrence relation in {(2.1) can be renormalized to yield the rational
recurrence relation

(x~a, ) R(x)—(x—c,) R, (x)+ 4, R, _»(x)=0 (2.2)
with the same initial conditions, namely,
Ry(x):=1, R_(x):=0. (2.3)

The renormalization is given explicitly by

Ru(x):=Po(x) | T] (x—aps ). (24)

k=1

THEOREM 2.1. Associated with the recurrence relation (2.1) there is a
linear functional & defined on the span of {x*R,(X)} ., _, mapping it into
%, and normalized by L1]=2,#0, such that the orthogonality relation

LIx*R(x)]=0, 0<k<n, (2.5)

holds. Furthermore the functional values L[ x"] and L[[1i_ (x—az.1) '3,
n=1,2, .., are uniquely determined in terms of the sequences {a,. . c,,
Apin=12 ...1
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Proof. Define a linear functional & whose action on R,(x) and
x" 'R, (x) is given by
FLI1]:=4y, LIR,(x)]=2L[x" 'R, (x)]=0, for nz1. (26)
We first establish (2.5) for 1 <k <n— 1. Clearly (2.6) yields
0=Y2[R,(x)]=L[xR,(x)] = L[ x*R;(x)]. (2.7)

Apply & to (2.2) with n=3 to obtain ¥[xR,(x)]=0. Thus (2.5) holds
for 1 <n<3. When n>3, (2.5) follows from (2.2) and (2.6} by induction
over n. To prove the latter part of the theorem observe that
FLLP(x)(x—ay)]=0implies L[ 1+ P{a,)/(x—a;)}=0. Using L[1]=4,
we then obtain

Llix—as) 1= —4,/P,(a,).
Similarly, from Z[ P,(x)/{(x —a,)}(x—a;)} ] =0 we find
LIV (x—a))(x—a3)} ]=A (A +as—ax)/{ Palas) Pylas)}.
We next use .£[x*R,(x)] for n=1,2 and k <n to obtain

LIPHx)Nx—ay))] =L 2+ (x— ) Pix)ix—a,)]
=%[x—c,—4,]=0.

Thus £{x]=(c¢,+ 45} 4,. We now continue by induction on n. Thus
for each new n we use Z[R,(x)]=0 and we obtain a value for
LLUTT -y (1 —a, )] while from .£[x" 'R, (x)] =0 and the recurrence
relation (2.2) we evaluate ¥ [x”~']. This establishes our theorem.

COROLLARY 2.2. We have
LIP(x)R,(x)]=ZL[X"R ()1 =242 A1y n=0. (2.8)

Proof. Multiply (2.2) by x* 2, apply %, and then use the orthogonality
relation (2.5). This yields the two term recurrence relation £[x" " 'R,,_(x)] =
A, L[x""2R,_,]. Taking into account the initial condition £ [1]1=4, we
establish (2.8) and the proof of the corollary is complete.

Note that when «, =0 for n>2 we have a Favard theorem associated
with general 7-fractions with all the moments £[x"], n=0, +1, +2, ..
uniquely determined [ 15, 20].

Our next result is a representation theorem for the functional .# based on the
properties of a continued fraction represented as an integral transform. Recall
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that the polynomials of the second kind associated with the recurrence rela-
tion (2.1} are given by

Q"(x) “(-\'-('”) Qn ~lx) +;'n(x—_an) Qn - alx) =0, n=2, (29)
with
Oolx):=0, 0, (x) =1

The ratio Q,(z)/P,(z) is the nth convergent of the infinite continued
fraction

Ry(z)=- =L 2 (2.10)
I—¢— I—C — I—0C3 —
which we assume becomes a finite fraction when - =ua,, k> 2. This leads
to the following definition.

DEFINITION. A continued fraction of the type (2.10) will be referred to
as an R,-fraction provided that it terminates when - =gq,, n > 2.

We will henceforth assume that R,(c) converges to a function which
vanishes at infinity and whose singularity structure is given by a finite
number of branch cuts and a denumerable number of poles so that

R,(:):zJﬁr (;'oitt) e C\%. (2.11)

Here the measure da(r) and the multiple contour /” are taken in the
following generalized sense. In order to accommodate a pole at -, with
multiplicity m, and residue R, we would include in the right side of (2.11)
a term

] " Rk d[

27[i W=l >e o —1l=¢ (:_ r)”_:k)mk’

with a suitably chosen positive &. For a branch cut along a contour I; with
discontinuity «}(7) we would include a term

z¢rl.

J

1 o{n)ydr
2ri J1 ’

z—1

We will also assume that the domain

N
ff=<U Fz>w{:k:k=1,2,...}i (2.12)
I=1
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where {-} the closure of the set {-}. In other words, we assume that the
continued fraction converges except at the singular points of the function
that it represents.

From Pincherle’s theorem [21] we then have the existence of a special
minimal solution X|™")(-) satisfying the same recurrence relation as P,(z),
namely
XM(z) = (z=¢,) X2 + A,z —a,) X™5(2) =0,  z¢2  (2.13)

n

but with the minimality condition

lim X!™®(z)/P,(z)=0, z¢2.

LR &

Hence the additional representation

R,(z)= , e\, (2.14)

Xz U
Alz—a) X'™rz)y ),

.oz

We will also assume the normalized asymptotics

R,(z)y=

by | —

+ Z d,z"", |z} = o, (2.15)

so that {7 dx{1)=1.
A further technical assumption will be that

{a,:2<n} ny =0 (2.16)

From the viewpoint of multiple point rational interpolants this means
that the sequence of interpolation points associated with R,(z) is
{0, a4y, 00, a5, o0, ...} with the ,’s distinct from the singular points of &

[28].

Remark. Note that R,(z) in (2.10) does not depend on 1,, a, while they
occur in (2.14). This seeming dependence on 4,, a, can be interpreted in
two ways. First, the denominator A,(z—a,) X'™"(z) is determined
through the recurrence relation (2.13). That is,

Ay (2 —ay) X(z) = (2 = ¢)) Xgn(z) — Xmi(z).

Second, in explicit models where the sequences {4,}, {a,}, and { X{™")(z)}
have an explicit analytic dependence on n, there are natural choices for 2,,
a;, and X'™™(z). It often turns out that, for these natural values, 4, =0.
In these cases (z—a,) X'™2(z) is singular at n=1 and the product
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A(z—a,) X'"™™(z) is indeterminant. For these cases it is convenient and
correct to define 4,(z—a,) X™™(z) through

Az —a) X'"iV(z) = lim 4,(z —a,) X'™2)(z).
n—1
This is also true for (2.18). A similar situation occurs for R,,-type fractions

in (3.16) and (3.17).

We now state and prove a representation theorem.

THEOREM 2.3. Consider the three term recurrence relation (2.1) and
assume the representation (2.11), together with conditions (2.12), (2.15), and
(2.16). Then the linear functional of Theorem 2.1 has the representation

f[f]=frf(t)da(t). (2.17)

Proof. let A,=1. Then j,drx(t) =1=4,. It remains to prove that
f,‘th,,(t) do(t) =0, 0 <k <n. This follows from the lemma below by taking
the z — oc asymptotics which yields for 0 <k <n

z! L-f"R,,(f)da(’):-?kf"f]/ll/{z A [T+ 0(1/2)],

where we have used the fact that X\™(z)/[4, X™™"(2)]1=T1}1, 4, as
z — oo which follows from (2.13)-(2.15).

LeMMA 2.4. Consider the three term recurrence relation (2.1) and assume
that the representation (2.11), together with the conditions (2.12), (2.15), and
(2.16) hold. Then we have

K y(min)( kR
X (2) :j’ AN g cken @18)
a;) r

MAXTP T (- z—t

Proof. The singularities in (2.18) come from the zeros of 4,(z—a,)
X'min)(z) and the discontinuities in X{™"z)/4,(z —a,) X"™")(z) across the
contours I, that is, the same singularities as in (2.14). The singularities
which would seem to appear from the denominator factor [T} H(z—a;)
are, without loss of generality, canceled by corresponding zeros of X[™")(z)
(or alternatively poles of 4; X'™)(z) if one chooses a different normaliza-
tion). In order to justify the right side of (2.18) it remains to compute the
“weight” of the singularity. If 4, X"™"(z,) =0, Xmm)(z,) #0 then it follows
from (2.12) and (2.1) that X{™(z,)=P,(z;) X{™z,) since each side of
this equality satisfies the same recurrence relation and the same initial
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conditions. Thus for a pole at ¢
residue

;, of multiplicity m, in (2.18) one has a

n+1 lml
22150 050 | T a0 (e
azv

f=1

as compared with the residue

. i I
XMz )ym)! [ Ay(z;—ay) <; —~ 'f“,"") (z) J
E ““ - a- i

in (2.14). Hence we see that the pole singularities in (2.18) have a residue
with an additional factor = R .(z,) as required. The situation is similar for
the absolutely contmuous contrlbutlon Thus if AX ™)/ A (z—a))
X'™n)(-)]) is the discontinuity across a contour passing through the point
z then A(X!™(2)/A (2 —a,) X™Pz)) = P, (z) AAXM™™(2)(z —a,)
X'™"z)), since each side of this equality again satisfies the same three
term recurrence and the same initial conditions at # = — 1, 0. The condition
0 < k < nis required so that (2.18) has at least O(1/-) asymptotics and thus
a zero at infinity.

We now illustrate the above theory with an example which is the
g-analog of Jacobi-Laurent polynomials [15]. Although our example
involves a special type of R,-fraction, namely a general 7-fraction, we
consider it to be of intrinsic interest.

ExampLE 2.1 (.¢, Functions). From the contiguous relations for ,¢,
hypergeometric functions in [17], or by expanding and equating coef-
ficients of like powers of =, it can be verified that

12 (1 —bg")

X11¢](:)_<:+q m

e

o (l _qn)(l _abqn)
- (l _aqll+l)(1 ‘_Clq")

+q X,,,](:):O (219)

has solutions

( n+1 bqn+l q‘)1

X \M(z):=z" Wb T S La, q" Y bg" T g, azg' ) (2.20)
and
, L (a "”,a n+l; ) 5 H
X2z :=q""'§qg*“—+1 abz;{;r%vfﬁ (a/b.q"* ' aq" % q.bg'?z) - (221)
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and a polynomial solution

an (bﬂ

Fat) = ag; @),

2Bg " aqy g b g, zq b)), (2.22)

The large n asymptotics of these solutions is easily seen to be given by

X2 > 2"2q" % ), Nazg' % q), (2.23)
Xilli(:' ~ qn 2((].“2“‘;:; (I) ) ““s(hql 3“;“2; (1) s (224)
and
il (b~ a:([“z; (1) s 2
T g ) 1zl <1gq}'?
P,(z)x ];~ ) (2.25)
Sbq iz bl q) 12
s bzl > lg]"~.
(([‘r‘bs(] fes (1)1
Thus the minimal solution to the recurrence relation (2.19) is given by
. X, el <lgl'?
Xi'mm)(:) — { ”w i 226)
% S N e (L (

Pincherle’s theorem [21] then establishes the continued fraction represen-
tation

a1 —aq)

R-1=44 Tk 20(Va, gigb: g zaq'?).  |z) <|q|'?, (2.27)
= 'S¢,(9/b. ¢, ag®; g, bq'iz), |z > 1q]'
where
Riz)i=[z—c, - K{_{az/lz—c)} 17 (2.28)
with
¢ = —g ZLI_:M ), —g'” (1—qg" "1 —abg" ™) (2.29)

(l_aqn) N (l—aq”)(l—aq" l'

Recall the Heine transformation [9, (111.1}]

b,az; q), ‘
28, (a, b; ¢ q.:)z(‘—a—%—zrﬁl(c;b, oaz; g, b). (2.30)
gy,



12 ISMAIL AND MASSON

From the above transformation we see that the ,4,’s on the right side of
(2.27) have singularities at z=g¢ " '“/a and z=bg"*'"* n=0,1, ...
However, because of the respective conditions |z| <|g|'?, |z] > |¢]'* the
right side of (2.27) has no pole singularities if |ag] <1 and |b] < 1. Thus
when lag| <1 and |b| <1 we also have the representation

' d ’
Rizy=[ A e (231)

=g 2t

with « given by

) 1 X(min '([ ) X(min)( t ) o
"(ty:= 1 n_ /T , t=|g| 2,
o' ) e—»Oy’,IlﬂO 27”4/1"+1’ (Xirmxr;b(’+) Xf]mu})(t)> |q| €
t, :=(q|"*+e)e”, 0<0<2m (2.32)

A calculation using (2.26),(2.30), and the g-Vandermonde nonterminating
sum [9, 11.23] yields

i (g, 4"/t q,abq; q) .,
277.'q”2 (aq]‘ﬁ‘zt’ qu/Z/t, a(]?', b’q)l

a'(t)= (2.33)

From our general theory associated with Theorem 2.3 or the general theory
of T-fractions [20] we may then state the following results:

J (R () &(1) dt=0, O0<k<m, (2.34)
|

i =lg|'?

m/2 , b ; ‘
[ Paama=T D (235)
l¢] = lql'2 (aq. aq™; q),,

and

(1—ag) g~ (abq, q; q),,

236
(1—b) (ag, bg; 9, (236)

—f Ml Pp (Dt dt =
11l = 1q1'?

We now derive a rational biorthogonality using (2.34) and (2.36). As a first
step we shift the contour of integration in (2.34) and (2.36) to the unit
circle 1| =1 in order to obtain

(g, abq; q),,
(aq, bq; q),.

k,m»

jzn 1% P, (1) f(a, b, 1) dO =
4]

0<k<m, r=e" (2.37)
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with f(«, b, 1) given by

1 (q'71.q9'%/t, q, qab; q).,

b PR S S
fla.b =g (aq'’t, bq'/1, qa, qb; q) ..

The condition for shifting the contour is that no poles of &'(t) are crossed
as one goes from [¢| =|q|'? to |t] = 1. Thus one needs |¢g " *'"*| > |a| and
lbg" ' <1, n=1,2,.., ie, |a] <|q]~"* and |b| < 1. The latter two condi-
tions are satisfied since we assumed that |¢| < |g| ' and |b| < 1.

We now take the complex conjugate of (2.37) followed by the replace-
ments (g, a, b) — (¢, b, a) to obtain

(g, abq: q),,

a2n k —_——
J Q. (/1) fla, b, ’)dg—( aq, bq, q),,

ék ns ngsfﬂ, (238)

where Q,,(z) is the polynomial
q"(a; q).,
(bq; q),

t—m

0.(2)= 20(qg™" bg; g' ~"ia; g, zq' a). (2.39)

From (2.37) and (2.38) we finally obtain the biorthogonality relation

b
(q’ a q’ q)')l 5

- al<l1, b <1
(aq. bq; q),,, el 161

[P0 0,10 fla, b, 1) dO =
0
(2.40)

This biorthogonality had been previously obtained by Pastro [26] using
other methods. In [1]} the biorthogonality (2.40) was used to derive a
biorthogonality for ,¢ rational functions. Here we have shown that the
biorthogonality (2.40) is a byproduct of the theory of R, fractions and we
have derived a more general transform given by (2.18); namely, if |ag| <1,
b < I, 0 <k <n, then

i P (' 9" q) .
2n szml“ c—t  (aq'’1,bq'%/t q),

(aq“*',b n+l;q)/, ‘ i ) 3

:k(q abZ"“‘q) 20 (la, g" s bg" Y g, azq' ), Iz] < g
= gtk oao (aq”“ "*1 . b; q)
( ~ ((1"+],abq ’aq’q)

X 2@ arb. g™ ag" % g, bg' 2y, |zl > 1g]' (2.41)

1:2
[

n+1

n+1

where P,(z) is as in (2.22).
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The case z=k=n=0 1n (2.41) is equivalent to the original ¢-beta
integral of Ramanujan with which Pastro started [26].

3. R,,-FRACTIONS

The format of Section 2 is repeated here with first a Favard type theorem
and then its realization in terms of the properties of an R, type continued
fraction. We include an example of a new system of biorthogonal rational
functions. In Section 4 we cast the recent results of [ 1, 18] in the language
of R, fractions and use the theory outlined in this work to give new deriva-
tions of these results. We also discover a new set of biorthogonal rational
functions in Section 5.

Consider the system of polynomials {P,(x)} satisfying the recurrence
relation

Pix)—(x—c )P, ((X)+Ai,(x—alx—b,) P, ,(x)=0, n>1,
{3.1)

and the additional assumptions

P——I('\‘):O- P()(x):l» '{n+l7é0~ Pn(anﬁ»l)#()*
P (b, ) #0, n>0.
The recurrence relation {3.1) can be renormalized to yield the rational
function recurrence relation

(x—d, . Nx—b, NS (x)—(x—c,)S, ((X)+4,5,_:(x)=0, n>1,
(3.2)

with

S, (x)=P,(x)/ H[(Y ap A NX—=by ) (3.3)

“kfl

We now come to an analog of Favard’s theorem.

THEOREM 3.5. Given the recursion (3.1) there is a linear functional &
defined on the span of the rational functions {x*S,(x):0<k<n< o},
mapping it into € and normalized by ZL[1]=N,, L[xS,(x)]=N,
such that the orthogonality relation £[x*S,(x)]=0, 0<k<n, holds.
Furthermore, the values of £L[I1/_,(x—a;,,) TR, (x—ij)"] for
m,n=0,1, ..., are uniquely determined.
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Proof. Define a linear functional ¥ by requiring it to satisfy ¥[1] =
No. L[x5,(x)]1=N,, Z[S5,(x)]1=0, and L[S, (x)]=L[xS,(x)]=0,
n > 2. The recurrence relation (3.2) then yields #[x*S,(x)] =0, 1 <k <n.
From Z[xS,(x}] =N, and L[ S{x)] =0 we obtain ¥[(x—c¢ )(x—a>)] =
Llix—c ) (x—by)] =N, and, hence,

ﬂy)[l“}‘( _'—(l)/\_av] g[l"" _—()t)‘,”‘(.\‘—bz)]:Nl.

With £[1]=N, this implies £[(x—a,) '] =(N,— No){a-—c,) and
Lllx—by) 'T=(N,—Ny(by—c;). If ay#b, then a partial fraction
decomposition yields

Llx—ar) " "(x=b) '] =(ds—b:) ' LU —ar) ' —(x—b,y) ']
=(Nog—Ny)/[(ar—c ) Wb —cy)].

On the other hand, if a,=b, then £[S,(x)] =0 yields L[(x —a,) '+
(¢, — ¢, x —a,) 2] =0, which implies £[(x—a,) *]=(a,—c;) "’
{No,— N,). We continue this argument by induction on n using #[ %S, (x)] =
0, 0<k<n, nz2 Thus for each new n, n>2 we use L[S,(x)]=
L{x8,x)1=0 to evaluate LT, (x—a; ) 'TI (x=b,. )],
N=n M<n N<n M=n and N= M—n

The next result gives a recursive definition of [ x"S, (x)].

COROLLARY 3.6. Sct L[N"S,(x)]=N,. Then the N,’s satisfv the three
term recurrence relation

N,—N, (+i,N, s=0, n>2 (3.4)

Proof. Multiply the recursion (3.2) by x" 7, apply ¥ and make use of
the orthogonality relation ¥{x*S,(x)]=0, 0 <k <n. The result is (3.4).

It 1s because of (3.4) that we need two Initial normalizations N, and N,.
In Example 3.2, which comes later in this section, we will see that
N,=k ks Kk, with x;=1/(1—-r,). Now r,=4/(1—K, 1} j=2,
follows from (3.4). Since the continued fraction K,_ 5 (/1,,/1) of the example
converges we find that (3.4) can be realized in practice by having

K,=K/_ ,</in>~ j>1, Ky=(1—w,y) Y (3.5)

and

N, =RK1Ks - K,y (3.6}

63y R -2
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We now come to a representation theorem for R -fractions. The polyno-
mials of the second kind associated with the recursion (3.1} are generated by

Qn(x)_(x—cn) an l('\’) +/1,,(.\'~Cl,,)(,\'—b") Qn—Z(x):’Os h> 1,
Qp(x) =0, Q/(x)=1 (3.7)

The ratio Q,(z)/P,(z) i1s the nth convergent {approximant) of the con-
tinued fraction
1 Lz—a)lz—by) Iiz—a;)(z—by)
Ry(2) = e N

I—¢)— I—¢, - Z—0Cy —

which we assume becomes a finite fraction for z =¢a, or z=b, for any k> 1.
This leads to the following definition.

DerFmuiTioN. A continued fraction of the type (3.8) will be referred to as an
R,,-fraction provided that it terminates in the cases z=a,and z=b,,n > 1.

We will henceforth assume that R,,(z) converges to a function which
vanishes at infinity and whose singularity structure is given by at most a
finite number of branch cuts {I"}} and a denumerable number of poles
{z;} ¥ so that, in the generalized sense previously explained in Section 2,
the following representation holds:

Ru(z)=| M) cc\g (3.9)

z—1

Also, as before, we assume that & is minimal so that
~
gx:(U rj> Uz (3.10)
J=1

and that the set of interpolation points {a,, b,}_, (see [28]) is disjoint
from the set of singular points %; that is,

{ansbn}:c-_-zm-@zg- (31])

We will also assume the large z asymptotics

Ry(2)xk,/z=z "f dalt), (3.12)
,
with
1 A A
h1—1~l—1— (3.13)

a convergent continued fraction.
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TueorReM 3.7. Consider the three term recurrence relation (3.1) and
assume that the representation (3.9) and the conditions (3.10)-(3.13) hold.
Then the linear functional ¥ of Theorem 3.1 has the integral representation

<Lf) =Jrf(t) da(1). (3.14)

Furthermore, the normalization constants of Corollary 3.2 are realized by

(3.5) and (3.6).

Proof. We set No=x,. It remains to show that N, =x, — 1 and that
| #sunanin=0, o<k<n (3.15)
;

This will follow from the large z asymptotics in (3.16) of the lemma below.

LEmMMA 3.8. Under the assumptions of Theorem 3.3 we have the integral
representation

:kXLmin)(:)
ATTZ [z =a)(z=b) 1 XT7(z)
k
o ’—.S"—(,'“)daw O<hk<n zeC\a. (310
roL—

where
Az —ap(z—by) XTN(E) = (2 = ) Xgmo(z) — Xy™(2)

(see the remark before Theorem 2.3). In (3.16) X'™"X(z) denotes the minimal
solution to the recurrence relation (3.1).

Proof. Here again we invoke Pincherle theorem and establish the
representation

Ximin(z) da(?)
- : - = , reC\&. 3.17
Az —a Nz —b) X™M(2) J‘1' z—1 €€\ ( )
The asymptotic relationship (3.12) gives
Xz)min)(:) o 3 18)
o) SR e
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The three term recurrence relation then implies
X)Xz = (1= k) =K,z
say, with x,:=(1 — 1/x,) and
Xy xtmin sy x ol — A, /K, =K,z =2
This establishes the large - asymptotics on the left of (3.16) as

:kX(mln)(:)
M2 e —a == b)) ] X™(z)

xzk N, {3.19)

with N,=x,Kk, --- x,,, and the «’s are given by (3.5). To establish the
equality (3.16) we follow the same procedure as in Lemma 2.4. This means
that the singularities of (3.16) and (3.17) are the same but (3.16) has the
additional weight factor ¢*S,(¢), k <n.

Note that the large - asymptotics of (3.16) yields

f AS, (N da(t)x* "N,  O0<k<n
.

The choice k=n=1 yields N, =n,x,=x,—1 but the remaining choices
give the orthogonality relations {,r*S, (1) da(r) =0, 0 <k <n, as required
by Theorem 3.3.

ExaMpLE 3.1 (Chebyshev polynomials of type R,;). This case with con-
stant coefficients is given in [24] with some misprints which are corrected
here. Consider the recurrence relation (3.1) of the form

X,y —(z+Jab) X, () +(z—a)z—b) X, ,(2)=0, a,.b>0.
(3.20)

This difference equation has solutions

X,?(:):(L@)/.‘i"z(ﬁiﬁ))". (321)

For z¢ (— o0, 0] the minimal solution is therefore

X("min)(:)=<(\/;:ﬂ\/;l)2(\/h:—\/;)>n (322)

with the square root branch chosen so that

|z +/ab—(Ja+ /b) /2| < |z + Jab+ (Ja+/b) /.
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From Pincherle’s theorem we then have

1 (:«a)(:—b)‘,/'ﬂ (z—aXz—b)/4

:+\/Zd?— :+\/c7l;” - :+\/E -

2
NN
:g J.() ( a-+-f \/—\(1\ (323)

7 J_, (a—x{b—x)}z—x)
Corresponding to the more general formula (3.16) we also have for
0<m<n,
(2) XY 7 — a7 — /B)
(- a)n+l( b)n+]
10 (ﬁ%—ﬁ) —x P, (x) P, {x)dx (3.24)
_7Z J . (a—,\')'1+l(b‘.\')"+l(:—.\') M :
where

RN SRV VARV L)) ) VAN VRV L)
n("’)_m
2n+l(\/‘_1_+_\/7))\/;

(3.25)

is the polynomial solution {no longer monic) with initial values P_, =0,
P,=1

From the large - asymptotics of (3.24) and (3.25) we easily obtain the
orthogonality for m<n

%J’O (a+/B) Po(x) Py(x) mX o wiia1ys, . (326)

T . (a_\)n#»l(b_'\.)n#»l

If we now introduce the rational functions

Py, (x) Py, (x)
X)) = R') —*_—‘“—'__—'n
R.,n(\) n+l( ) ((l_\)(b—.\')”+l

. =0,
{a —x)(h—x)" "

{3.27)

then (3.24) (with m=n and - =ua) and (3.26) (with » s m) translate into
the rational orthogonality

-0 ﬁ+\/_)\/—\ R, (X)R, (x)dx 27 %q ' _
J —==9,,,. (3.28)
. (a—x)(b—x) NN

p- N S
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ExaMmpLE 3.2 (,F, Functions). A contiguous relation for a hyper-
geometric function of type ,F, in [8, (45), p. 104] tells us that the
recurrence relation

X, (z)= <: —i+—a_—l—~) X, 1(2)

2n4+a—1-5% (3.29)

Al Dinta—1-b)
_(2)1+a—1—b)(2n+a~3_b~)Xn~2(~)—O

has solutions

z\" I'n+1)I'n+14+a—>)
izy:=(= ,F (a, b; pz)
Xz <z> Tntat ) Tn+(ra—pyz)Dlaebntltas)
(3.30)
and
X‘z’(z)'—<:~]>" I'm+)yI'tn+1+a—5)
m AT 2 Tn+2=0yTn+(1+a—h)2)
xF(l—a,l—-bn+2—-bh;1—=z) (3.31)
and a polynomial solution
2771 —b)
X =P,z = F(—mb—a—nmb—n1—z).
Wo2) Lz ab) ((1+ct—b)/’2),,“F'( n a—nmb—n )
(3.32)

The asymptotic behavior of X'"(z) and X'?(z) as n — oo can be easily
calculated and it yields

XUy (z/2)m D2 ) <, (3.33)

z—1\ 2
X(z’(:')2<“"§—> n"“"b*”"", |:—l|<1. (334)

h

Thus the minimal solution of (3.29) is given by

X(minb(,) - {XL“(Z)’ Az < 1/2

X'2(z), Rz >1/2. (3.33)
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Exploiting Pincherle’s theorem we obtain

1 — b)Yl —=z) 1!
_( +a—b)( ) ZJF(a, b1 +a;z), Az < 1/2,
a

R, (z)= (3.36)
—b
—(—l-j_——b—i—l-—):’”zFl(l—a,1—b;2—b;l—:), Rz>1/2,
where
R”(Z)I[Z—C[+K:=2{:(:'_1))@,,/(2“(‘")}]'l,
o (n+a—1) . (n—1)}n+a—1-—>~b) (3.37)
T nva—b-1)y " T(nta—l-b2mta—3-b)

We now have an explicit example of an R,, type continued fraction
which converges, except possibly when #z =1 To calculate the absolutely
continuous measure which is now supported on #z =} we use [8, 2.9(33),

p. 107],

M(l—:)”"zﬂ(a,b;l-m;:)
a
(1+a—->b) _
————z S F(l—-a, 1-b;2—-b;1 -
(b—1) 2F5 a )
L (I+a—b)yIa) I'(1-b)
=z 1—z)""" . 33
( ) I'll +a-»5) (3.38)
Thus we have established
(1+a—b) Ma) (1 —b) fl2+ix (=4(] — )b~ ,
)= ——— Rz #1/2,
Ru(z) 2ni (1 +a—b) fuz»m T—1 ! #1/
(3.39)

with the correct O(1/z) asymptotics of the present section when
#(a—b) >0 which is [8, 2.1.4(17), p. 63]

a—b+1

R,,(z)z< —% >:", HAla—b)>0. (3.40)

This justifies the assumption (3.12) since we may rewrite the 4,’s in the
form

P 1 —(a—b)?

1
- 4
" 4+4(n+(a—b—3)/2))(n+(a—b—1)/2) (341)
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and a result in [30] yields

1 A, A _a—b+1

P =TT Ala—b)>0 (3.42)

We now derive a biorthogonality relation for certain rational functions
using the orthogonality relation (3.15) with the special case k <n, =0, of
the integral formula (3.16). We set

P,(x;a,b)
(.\' _ l)n M

glxya by =x"9 (1 —x) 27 (3.44)

U,(x;a. b) .= V,(x,ab):=U (1 —x; —b, —a), (3.43)

The orthogonality relation (3.15) now takes the form
1/2 +ix
f Ut a, b) gt a, b)de =0, O<m<n. (3.45)
1;2- ix

Taking the complex conjugate of (3.45), replacing « by —b and b by —aq,
taking into account that f=1--t and using (3.16) (with =* replaced by
P, (1 —z;, —b, —a), k=n, and z=0) we see that

172 4 i
J U/t;a, b))V, (t a b)glt;a b)dt

12 i

l+a-bynl(l+a—b),
TTU+a ML-6) 27 ((a—b+ L), 2 ome 349

provided that ¢, b#0, a# — 1, b#1, #la—b)>0.

The biorthogonal rational functions in this example differ from the ones
considered by Askey in [2]. Both systems of rational functions are
biorthogonal with respect to a Cauchy beta integral weight function.

4. THE ,¢, FuncTIONS

In this section we provide two examples of biorthogonal rational func-
tions which have explicit representation as ,¢;’s. The three term recurrence
relations and the continued fractions associated with these systems come
from contiguous relations for ,¢; and ¢¢-, functions. The ,¢, contiguous
relation is the same one used by Askey and Wilson [5] and that led to the
Askey-Wilson polynomials. The difference between our examples and the
Askey-Wilson polynomials is a reparametrization which converts the three
term recurrence to one of type Ry,
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The monic Askey—Wilson polynomials are defined by [5]

P(x;a B, 7. 9lq)

(2B, ay, a0, afyd/q; q),, ) <(1 " afydg” . aw, ofu
QMg q)s, B, ay, a0

q. q), (4.1)

where
x:=Yu+1/u). (4.2)

The P,’s satisfy the three term recurrence relation

Pn('\.)‘('\.—anfl)Pnr l(x)+An— ZBn——an 2('\.)30*
an:%(aﬁ_lv“/a)_/‘n—Bm
n—1 n n N (43)
= apog" T~ aBg")(1 — g1 — x8q”)
" 2a(l —afydg™ W1 —afydq™) '
B :a(l—q")(l—/f}'q" ])(l_ﬁo‘qn l.)(l_,},()‘(]nfl)
n 2(1 _aﬂ}yo‘qln—l)(l _:x/))yo‘qln I) .

In [13] the minimal solution to the recurrence relation (4.3) for n>0
has been shown to be

F,),  ul> 1

Eql). <], (44)

Y:Immi(_\.) — {

and the F,’s are the functions

(211) Wn( 1[)’}'6([2" l‘ aqn+ l/,ru’ ﬁqn + l‘,f"u, },qn+ ]"“»u. ()‘qn + l"’r‘u; q) y

F”(u):z » n+2; 2 ) n N n N} S 1
(q" "' q" 2l afiq”, ayq”, 2dq”, Byq”, BOq”, v9q q)
n-s+1y.2. 0+ q q4 4 ¢ . C -
x ¢ W, (q "u q ’.;l—l. B o xfydq '). (4.5)

From (4.4} one can calculate, using Pincherle’s theorem, the Askey—Wilson
weight function

1 (i, i, aff, 2y, a0, By, po, 0. @i q) .

‘ ‘ - - . {46
In /1 —x2 (o, afu, fu, Biu, yu, yiu, ou, diu, affyd; q) , (4.6)

w(x):=
normalized by

f‘ wixyde=1,  |al <1, 1Bl <L, [yl <1 |0 <1.
i



24 ISMAIL AND MASSON

The system of biorthogonal rational functions recently given by Al-Salam
and Ismail [1] can be related to the above Askey-Wilson case through a
change in parameterization. This will give us our first explicit ,¢; example
of an R,,-fraction.

ExaMpLE 4.1 (Biorthogonality on the unit circle). Let us use the new
parameters a, b, t,, 1, and the variable z given by the replacements

x=q "z B=qYaz y=ba"
d=q Y /o  wu=q /-

Then after renormalization (4.3) becomes a recurrence relation of type R,
namely,

4.7)

Pzy—(z—c,)P, (2)+A,(z—a,z—b,) P,_»(z)=0 (4.8)

with
<at2q“(q"—l)(1 —abt Lg" W —bi,g" YW1 —1, rzq”3)>

I x{1—abg"1—at,;qg" ")

v+ 1 (4\/[_1(1—abtlf2q2"*3)(1 ~abrlt?‘an~2)2>
x(l—abtl,2q2”71)unun+l

an+1=b[1qn7l’2~ bn+1:q7"+”z/(all)v Ca™= —vn/un’
q~ly‘4

U T bty 1207 )1 — abty 1,97")

bt t, ,
x{l—q”‘[(l +£~;—:qz">(qr3+aq'+atlt3+abtzq)
q"(1 +q)<12+qa+g+~q—>J}
b 1,

14

abt | t,

_ q
Up 1 —"2(1 _abtltzqz;trl)(l _abtltzqi’n)

bt t, bt t,
SO (R CRUEEIE)

bi,t, t 1
~%q”(l+q)<b+;l+1+—>}}. (4.9)

t, a

Note that, in order to calculate the middle coefficient in (4.8) and arrive at
values for ¢,, u,, and v,, it is very useful to use the form of the
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Askey—Wilson three term recurrence relation given in [5, (1.24), (1.27)].
This is true also for the next example.
The polynomials {P,(z)} are now given by

q"at,zq'?, by, 1,1, /g, abt 1, /q; q),

P”(:) = n »n
(20,)"(abt 15 /q; @Yo 117~ 1 e
q " abtit,q" "tz 0 >
: L q ). 4.10
X4¢3< a’zqus‘l«bfza"][z/q +4q ( )
From (4.4) with a renormalization factor ="*/]{_ , u, we obtain the
minimal solution to (4.8)
XDE), 2l > gl
Xi,mm'(Z):{ o (4.11)
X2, =l <lgl's,

with
<(q1r4//2)n(abtl rzq?_n— 1’ ,2(1»1+ l’ Hq"+2,>
X(=) = bg" )z t1q" Pz q),
- <(q" gz atg" T P bty gt g 1~)

n— l/2‘/_..

abq"*', at\q", bt,q" " '*/z.q) .

qr1+3"2 quz q“z q (12 i >““‘
W : n+l’ J b{ t n—1 / .
X g 7< P t,e az bt anhitzg J,kgl”/\
(4.12)
and
X‘z'(_-)=(q71‘4:"‘"2)"(“b’1fz{f’” Ltazg" V2 azq" 2 b 4" q),,
" <((I“+l-. :qn+3‘y‘2‘ atzzqnﬁ-l;’?_’ btgq”, flfzq"_l, abq"*k)
at\q", bt,q" "z q) .
n4+ 172 n+ q 1 ql““;’: ql“z: n— "“‘ "
X8W7<(1 '~:;q 1,1—2.;11 b 3 sabtyt,q I ’g““kglu"'
{4.13)
With the above minimal solution, Egs. (3.9) and (3.17) imply
R,5)= 2u,q~ (1 ~abt, 1,/g)(1 — ¢'%2)
T =b) 1 =t /g) ] ~ t,zq ") (1 —azq'?)
. g 1 g%z g¥: / >
W,z l°"; y T T, s vabtit,/g |,
X g 7(‘1 qt:a A 11 abr t,/q
for |z| <lg|'?, (4.14)
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2u, g ™M1 —abt, ts g — ¢z

Rylo)= 3
) T T —agi T —bg /=11 — g 772)
32 32 12 2
q- q q9 4 4q
x g W, (’:—ﬂ q, tl:.?,gsx;abﬁfﬂ(]),

for |z{ > |g|"> (4.15)
An application of Cauchy’s theorem gives us the integral representation

o' (1)

Ry(2) =J dr, (4.16)

) =lqit? Z— 1

with a'(¢) as 1,27 times the difference of the boundary values of R, () in
(411} as |z| — |¢|"* The identity [9, (IT1.37), p. 246] then gives «'(t)
explicitly. The result is that «'(¢) is u,/t"* times the Askey-Wilson weight
(4.6) but with the new parameterization given in (4.2) and (4.7}, with =
replaced by ¢. In order to isolate the symmetric terms in o we chose to
write 1t in the form

iu, (1—bt, g7 "1y .
‘ 4.
7[(]]‘4 (1 ‘_rl,r“’([)(l _b)f(t)ﬂ ( 17)

'

a(t)=

where f{¢) is

(q'2t, g/t atsq" Pt bt q' 3t by, aty, abg, t150q, 4; q)

(= 3 = ﬁ 5 . 4.18
1 (aq' t, bg' 1, aq, bg, 1, t5, q " Ptat, g 712t abt s ), ( )
Note that f{¢) is symmetric under the transformation

(a, bty 5. t)—= (bya, t,, 8, 1/1), (4.19)

We now derive the biorthogonality relation of Al-Salam and Ismail (1].
In the case under consideration our orthogonality relation (3.15) becomes

Ly P, (W1 —btyg "2/0) f(1) d

: - o =0, 0sk<n
g —igne Obtig T R ), TT (=g 77 P )] -

(4.20)
We follow the notation in [1] and define rational functions r, and s, by

g " abt tyq" g Pt

172,

at,q oz, bt 1L /g

r,(zy=r (s a. b, t;,15) :=4¢3< q. q), (4.21)
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and
s2)=s(za. bt L) i=r, (2 boas b, 1)) (4.22)
There is a slight difference between the above definition of s, and the

definition of s, in [1]. due to complex conjugation. Now the relationship
between P, and r, is

C, P,z
rozia bty ts) :——'—'T','LL (4.23)
(ath et (]]n
where the normalization constant C, is given by
C = (2029 "Y' abtit gy q)a, TR Uy
" (bts. 1 t2/q, abt 15,4 4), '
We may now rewrite (4.20) as
dt
r,,(t)AS‘,\,(I;"I)f(I)T:O, k <n. (4.24)
el =gl ?

If we deform the contour in (4.23) to the unit circle |f| =1 and combine
this new integral with its complex conjugate (for which 1= 1/1) then per-
form the replacements (a. b, t,, 1>, ¢)— (b, d. [, ), §) while taking into
account the symmetry of / under the transformation (4.19) we obtain the
biorthogonality relation

it
r(tia, bty L) s, (it a, bt 1) ) % =0, k#n n k=0

=1

(4.25)

The value of this last integral when # =k i1s deduced from a modification
of (3.16) with k =n and z = bt ,¢" '? < 1. Namely.

2P (1z) Xim(z)
AT (z—a)z—b)] X™™(2)

J "B (/1) P,(1) 2'(¢) dt
i=rans [TTSS (t—a =)z —1)

(4.26)
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where P, (z) = P,(x;b,a,t,, t;). We shift the above contour to |¢] =1 and
put z=bt,¢" . At this value of = the , W, in X{™™(z) is summable using
[9, 111.23, p. 243]. After a lengthy calculation we arrive at

" dt _ (11,/9)"(g, abq, abt 14" q),
-~

i
— 1 [ , 4.27
J;n:x ral0) sy 10 J1) (11 t2/q; q),(abt 155 q),, (427)

2n

in agreement with [1].

The condition for the absence of the discrete spectrum and the validity
of the integrals on the contour |f|=|q|"* is |al,|b], |t,], |t,] <1. The
condition for shifting the contour to |f|=1 is to have lal, |b| <|q| ~'?
and |t,], |t:] <|q|'?. Thus our overall condition for deriving the
biorthogonality is |al, |b| <1 and [¢,]. |t5| < [g|"2

ExaMmPLE 4.2 (Biorthogonality on the line). We next use a different set
of parameters #,, t,, {4, t, and variable z. We set

a=/tthq.  B=—gef e, y=qe /i,
d=1,q /14, u=—./ty/t,, z=sinh¢.

The explicit representation (4.1), after renormalization by [T7 _, #; is now

(4.28)

(—1e% e it ™Y, —1 1977 q),

(2t Gl /@) (= 601G @2 TTE Zy Uy

% od g7 =g TR =g /g 4.9
av3 _tleé, f]egg,tltzt:;r“qi} ’ ’

Pzt th, b, tlg) =

(4.29)

where u, 1s given below in (4.33).
The three term recurrence relation (4.3), after renormalization is now of
type R, and is

P(z)—(z—¢) P, 2+ A,(z—a N z—b,) P, 5(z)=0 (430)

n

=r,zzqz"”(l — @1+ 150" N+ q" ) (1 — 1t tit,qg" %)
(140,642~ + 147V + 167" N u,u, .,
(4.31)

a1 =3(t29" " —q° /1), /’u+1:%([lq"“]—qwnil/h)» (4.32)

I SR VR NN

Crppy=—""
U

n+1
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where u, and v, are given as

2

Uy o1 =[(1 = 1,027 NG + 1, 62031 +q"(1+q) 1, 1:(g — 131,)]

”,3/ tat
LENAARLL (4.33)

X b) 2
(1+ 1,61 4+ 1,t2g7" Y

2

Vo=~ =107 "Dt — g+ ¢" (L + @) 1500+ g% ]

x ¢+ 1/q)
2\/ (zf4(l +f]f2q2"73(l +’][2q2n»])

(4.34)

In the case under consideration the continued fraction is the R, frac-
tion

1 Ay(z—a)(z—by)

Z—cy— z—0C; —

(4.35)

When the continued fraction converges it will converge to F(z), where

F(z)= — 2u, (1 =gty /t )+, t:/9%) B
} S Al =1L/, qes /s, —qe s, — 1 ta/q7 q)
X WAqta/tss q, —q 2/t ta tae ™5, —tae5, —q ftats; tita/q7), (4.36)
with

- a2q2 alql
Wilab.c.de.f, =(b,c.d e.fq), shoed e f, .
<a, e d,e,f, bcdef> (b,ce.d e fiq), W, (a ¢ d.e,f. bcdef>

The singularities of (4.36) are at z=z,,,
S=3(tag " —q" ), n=0,1, -,

given by the zeros of (ge‘/t5, —qe %/is; q). . The residues at these points
may be calculated explicitly because the contribution from W is in terms of
a very well-poised ¢, which is summable. After a straightforward but
rather lengthy calculation, we arrive at the Mittag—Leffler expansion

(4.37)

o

k

F(z)= 3, .
k=0 %
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with

’_‘_{\/’3’4 (’1’2’3_[4‘1 gttt gl q)

g¥ T (—itaig — g, — g — g5 q),

=

X(—ql/'1113, —q Yty —q ity — 43 )

, ‘ ‘ (14 g2 221 a5 15)5
(qEy 12 s qlaits, 4 )y ! SELRERL

(4.38)
The resulting orthogonality (3.15) is now given by

d Zn P (z4) w,
— =0, O<m<n (4.39)
).»go H,’:l (4 _ai+l)(:k—b/+\}

We now derive a rational biorthogonality relation. Let us include the
factor

t . L
S—w=5q T = g+ ¢

P4

in the weight function to obtain the new weight function

oy

re=

..,]‘.—‘aa

L 2tu it (Lataq gt gt gl q)
GRG0 (=1 0/q, =047, — b/, —q 5 q),

X(—‘Iz//’)[}w —q7/t5t5, _‘12/(3’4» _‘121"«[?:;‘1)1\»
(qty/ts. qta/ts, qla/ts, g gy

(1 +q2k+2//,§)“] [2f3 14)k.

Note that this has & dependent terms which are now symmetric in ¢, and
t,. This symmetry together with (4.39) yields the biorthogonality relation

Y R,z ) R,(z)r =0, m#n, (4.40)
k=0
where
Rn(:) = Rn(:; ’l' fls ’?n 14)

=,4 g g T =it /g — 1t /g
v —t€5 1 e 5 1t tag

q,q>. (441)

ﬁn(:) = Rn(:; tZ* tlﬂ [?h 14)1
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and from (4.29) we have

P.(z)
[ (z=b,.y)

(=t 6/q° t g ),

:( __l)nqn(n+l)ﬁ2(’ ! )—nQ . ~
i (=0 02/q% @) VT g

R,(Z). (4.42)

For the case m=n we use (3.16) with k=»n and =" replaced by
P, (=15, 8,15, ty) and z=a,, , ». This requires the evaluations

—nin —sz( —~f:t3,/(]. _12[4“/(1; C{),,

(=20, /1) T1i 2w

q

Pola,, 2t 15, 1) = (4.43)

and from [9, (111.24)]

sWolg" Mt " =@t e 75 — 4t — iyt /@) sz

:fq"+214/t3, —ht /g, "~ ),
(@7 o/t =gt b qry/ta, — 1 g7 T ),

(4.44)

The final result, after another lengthy calculation, is

(=@t ts, —q tats, —q@ sl — /155 gl
(qra/ts, gty /t, qla/ty, @, @)y

Z Rm(:k) Ran(‘:k)
k=0

I +q%+22

)k
1+4%/13

(t185851,/q"

1+14,1,/¢° (—q°/t314. 3 ),
Lh,0,q7 77 (=00, /g7 1ttt q),

=(1,15t214/g7)"

9 (=it iq. — 1t /q. —tit4/q, —(13/7%; q).,
(g1 /15, qla)ts, qlafts, tEt3t,/0% q)

Oy o (4.45)
with
=30 =4 ), k=0,1, .., YRR
Another biorthogonality relation can be obtained by interchanging f,
and ¢,, which corresponds to taking u = -m. Both of these are special

cases of the biorthogonality relations derived in [ 18] (see (1.21}, (3.14),
and (3.15) in [ 18]), with a=g/t, or a =¢/t,. However, if in (4.28) we had

64083 °1-3
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used 8 =gqe®/\/1;1, and z = cosh ¢, then we would have arrived at a similar
biorthogonality with mass points at

B=bg F g ) k=01,

We do not know where this fits into the scheme of things other than to
suggest that, with discrete orthogonalities at this level, there are always two
families, one associated with z =sinh &, and another with z = cosh &

5. BIORTHOGONALITY ON [ —1, 1]

We present two final examples by vet another modification of the
Askey—-Wilson recurrence relation. Here an R,,-type continued fraction is
used to obtain two g-beta integrals, one which is new and one which is in
[27]. However, the biorthogonalities obtained are not given by the
continued fraction methods of the previous examples. Instead we use the
“attachment” method explained in [6] which goes back to Andrews and
Askey and was used in [5,1].

In (4.3) we apply the parameter replacements

B—Blu,  y— Pu, (5.1)

with z=(u+ 1/u)/2. The recurrence relation again becomes an R, -type
recurrence relation (4.30) but now with

_aﬁ2§q2n72(1 _qn)(l _aﬁ25qn»2)(l __aéqn—l)(l _ﬂzan— I)

)" - 2 2n — 2 2n — b -
n+1 (l_aﬁ25q2nu3)(1_aﬁ55q~n 2)2(1_(1[))-(5(1_'1 l)unuyl+‘ (52)
Ay =5(B0q" " +q"' ~BSY, b, =3(aBq" " +q' " ap)., (5.3)
Cns1 =Upy /Ui, (5.4)
where u, and v, are given by
(1 +ap?8q¢™ ' Wg+ad) —q" (1 + q)(g + ) ad
—1 n—1 R 5
un+1 1 ﬁq (l_aﬂzaqz;zfz)“_aﬁquzn) ( 5)
1 25 2n—1 2y _ g1 1 2 %)
v,,+1=(a+c5)q"“( +af°0g” " Wqg+B)—q" " (1 +q) f7(g+ad) (5.6)

2(] _aﬂ25q2n‘2) 1 _aﬂzaq;’n)

The new minimal solution of the recurrence relation is given by
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. G, (u), ful > 1
lelni )= n .
»2) {G,,(l/u). ul <1. 67
_ (2w (apPoq™ " ag” " fu, fg” T, fn T 0" s q)

G"(ll)— n n+2 n n n 2. n Np ] n
("' q" ", afq u, afq"fu, adq”, B2q", Poq u. Béq"/u: q) .,

x s Walq" "\ u?s q" qfoue, qi B, qu B, q/dus afoq" Y | T we
D=1

(5.8)

An application of Pincherle’s theorem now yields the Stieltjes transform

b fx)dx 2 (1—g/u*)(1 —af?d/q)
Soz—xu (L —af)(] = Bl — B —6/u)

X s Wolgiu?; q, q/au, q/f. q/pu’, q/ou; xf°/q),  (5.9)

with z =4 (u+ l/u), ju| > 1, and

l (eZi{?’ e\?.i(}' (Zﬁ(’i(), 0Lﬂe\il)‘ ﬁd(’i[), ﬁo‘e— f(?’ ao" p)E’ q q)fx 1
27[ (aei(lq ae” i(l’ ﬁeliU’ ﬂexzm, 5(’”’, 5()\”)’ ﬂ, ﬂ» aﬁzd; (])j Sil’l 0
(5.10}

flcos 0) =

The integral (5.9) seems to be new.
The large - asymptotics of the transform formula (5.9) produces the
following result

1 —af%d/q
1-§

valid for max{|«|, |8|, |51, |af?6/q]} < 1.

We next explain where (5.11) comes from in the theory of orthogonal
polynomials. Recall that the continuous g-ultraspherical polynomials
{C,(x; Blg)} have the generating function

1 o= .
EEL S(cos 0) sin 0 df = 2010q. 9/B qBs g, xf°8/q),  (5.11)

. (/)'1(’”’~ ,Btefm; q) .
C ()’ "= . - - 5.12
EO ACSBLID =0 1), 1)
and satisfy the orthogonality relation
1 ﬂ (eZi()’ e72f(1; q)
— C 0, Cn (]a 2i 2i = 1(}
o L w(cos Bl q) C,(cosb; f|q) (B fo 20 4y ‘
s q) o (B q) (1 —
_(BoaB @) (B q).(1 =) (5.13)

(G B @) (g ), (1= gy ™"
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[3,9]. It is easy to see that (5.12) and (5.13) show that the left-hand side
of (5.11) is

_ oy % f{ Culeos 0: f11q) C,leos 0 | 4) o ,j,,‘” —do
=40

—Z B, 4B ) . (B @)l = B)

n=0 ((1 :[))Hq (17 (l)n l—[))q")

_Babiq).,
(4. 5% ).,

Now the Heine transformation [9, (I11.3)] reduces the extreme right-hand
side above to the right-hand side of {5.11).

(o0 o 200.

291 (87 B: afs g, ad).

ExaMmPLE 5.1 (Chebyshev rational functions). The relationship (5.11)
gives an integral representation for a basic hypergeometric function of the
type -¢,. In this generality the integral representation (5.11) does not seem
to lead to orthogonal or biorthogonal functions. The special case f=¢
degenerates into the elementary integral result (1.3). To find rational func-
tions biorthogonal with respect to the integrand in (1.3) we now use the
attachment method.

Consider functions of the type

i (g~ " ae” ae ™" q);
«Zo (4. gae” que 5 q),

glcos O, a, d):= 7N (5.14)

where «,, , are to be determined. Set

2 7 . (oe" de " q),
== 0; o, 8)
Inv,l P j() g,,(COS > % )(qdel() qée—:(} )j
sin” 046
. 5.15
><(1—20<cos(9-i~oc2)(l—25008(‘)-%(51) ( )
Thus
W O AR 2 ! \/T—w\kzd\
[nj:Z (7 “nr’\_J 1 — 2od* 20T — 20a'% + 6207
o (g AN g x + alqg )\ g'x + 8%g”¥)
hn ) 1
Z dy k < i
ot (q, q) 1 —adg" ™’

l n ( —n aéq q

,+| amk'

l—oc()q = (g, adg
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Recall that the g-analogue of the Pfaff-Saalschiitz theorem [9, 11.12}] is

g "u b (cla, c/b g,
- N = . 5.16
3¢_ ((,', abql n"’s‘(_ [1 Q> ((', (,/s‘ab; q)" l )

We would like to choose «, , to make I, ; vanish for 0 <j <n. In view of

" f

(5.16) we let a,, , =q"'(a5q”; @) /(20; q), and we obtain

-n

(¢ "q " q),
(1 —adg’Wad. q " //ad; q),

Iu.,/ =

It is now clear that [, ;=0 if 0 <j<n. After some simplification we find
L=T(=2)"q"" " ""(q; ¢); (%0 4)2, 1] 6.

Thus the g,’s of (5.14) are given by

q - n, adqn’ Ctem\ xe — i

it — it

; 5.17
«d, qxe’, qoe q q> ( )

g.lcos 0. %, 8) = 4 ¢, (

and satisfy the orthogonality relation

-1 1 —xdx

X; 0, WX d 2 y 52
B0 ) g ) S ash 1 oY)

H | ko

—_ {ad ’"(q’ (I‘ q)n o
—(fXO‘, “(53‘1)”(1—a5q3")o"’-"- (518)

We find the biorthogonality relation (5.18) very surprising since the ¢,
function in {5.17) is not balanced. Recall that a basic hypergeometric func-
tion (1.9) is balanced if r=s+1 and ga,a,---a,,,=bb,--- b, Only
balanced ,¢+’s with argument ¢ satisfy three term recurrence relations. This
concludes this example.

It is worth noting that the special case ¢ =0 of the Askey-Wilson poly-
nomials gives rise to polynomials orthogonal with respect to the weight
function [5]

|
(1 —2av+a®} (1 =2bx + 621 —2cx + )1 = 2dx +d7Y

The polynomials are linear combinations of Chebyshev polynomials. The
rational functions biorthogonal with respect to the above weight function
are still under investigation.

In the previous examples of pairs of biorthogonal functions the second
family was obtained from the first by symmetry and permutation of

640783714
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parameters. In the next example the members of the pair of biorthogonal
rational functions are not related in this manner.

ExaMPLE 5.2 (A nonsymmetric case). Following previous examples we
now consider the g-beta integral obtained by absorbing the factor x —a,
into the weight function. This means evaluating (5.9) at z=a,, that is
u=1/xff, and this means evaluating (5.9) at z=a,, that is u=1/af, and
this is exactly the case that makes the right-hand side of (5.9) summable.
This gives the result

: f" (€™, e ™, afige”, afige ", poe”, poe ", a3, . 4;q)
2nle (e ae " B fe T 50" e B af of q)
1 ‘
—i o mextlal 1AL 10l <1 (5.19)

After we showed an earlier version of this paper to Mizan Rahman he
pointed out that this g-beta integral is not new. It was obtained previously
by him in his interesting work [27] using a different method. It may be of
interest to mention here that (5.19) is also the special case y = ¢f of

2l

1 sz (6’ g e Zi[), ayei()’ ayefi()’ ﬂo‘ei(), ﬁo‘e—iﬁ’ dd, 'Bz’ q q)x
o (Cl(’i(), “e—i()‘ ﬂ€21()’ 'Befzm, 5E’i(), 56’7”}, ﬁ’ q’[}’ (1‘325; q);

2n

(B.y, oy, B?2d; q) (azﬁ od, gp/y >

=R A28 as oy 372 2 s LY 5.20
(q. 7. a’B. 28, q) . 42 o2y, pras |17 (5.20)

do

for max{|«l, ||, |y, 18]} <1, which will appear elsewhere. In view of (5.12)
and (5.13) Eq. (5.20) is equivalent to the evaluation of the connection coef-
ficients for the continuous g-ultraspherical polynomials. Rogers solved this
connection coefficient problem in 1893; see [3].

One can use the attachment method of the previous example to derive
a system biorthogonal with respect to the integrand in (5.19). Rahman also
has done this in [27]. For completeness we repeat the calculation here.

The g-beta integral we are working with is

b o (BoaBafdiq).,
J,l u(.\,a,ﬁ',é)dx—(l_azﬂ)(adﬁz’ o (5.21)

where

(eli(), e —~21'(I, qaﬁei()’ qaﬂe~i()’ ﬂo‘ei(l’ ,3(5(’ »i(l; q)x
d a,a, B,0) = - e . S . . (58.22
M(COS » & ﬂ ) 27 sin B(ae‘”. ae*l()’ ﬂle(l’ ﬂe—-xl), ()e‘”, Se 7/117; q)x ( )
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Choose

. n (qﬁ", o‘ei(?’ 58—1'(); q)k
Jcosta f0)= — - dy i
W ﬁ kgo ((L C),BF 0’ 5ﬂ€ ”; Q)A -

Using the g-analogue of the Pfaff-Saalschiitz theorem (5.16), we put

(08" g

(5.23)

a" =
k=4 (20: )1
and find
7 i A (aeiﬂ’ ae\iﬂ; q) .
s O.a, 8, )¢, &:a, B, 0 . - & do.
J.O wicos O; a, fi, ) ¥, (cos O; a, § )(qaﬂe'”, qaﬂe“"’;q)jsm
__ (Bapafq"0q). (B 4 q). | j<n
(1~ adq", . 4: q) . (2B°0q". q" " "/ad; q), *"" 7
(5.24)
Let
o q—n’ aﬁléqnfl’ 6(,1'(?’ o‘er—i(i
Y(cos@;a, 3,0) =04 < x5, foe. foe 1 q.q (5.25)
and

n

¢,(cos O, o, f, 8) :=
'b) jg[) (q’ qrxﬂe

— i) —if,
(g " ae",0e " q),
it —i0.

, qafe ", Q)j

@b (5.26)

nj-

Thus we have proved that the rational functions {¢,) and {y,} satisfy the
biorthogonality relation

J.’ b, (x;x B, 0V, (x; o B, 0)wix; o, 8, 8) dx
—1

_\Bap. 2f70q" ), (B qiq);, (—ad)" b, 0, .  m<n
(wvﬂb’q;q)x (1*“~ﬂq ) ’

(5.27)

We now select b, ; in order to have full biorthogonality, that is to make
(5.27) hold for all m and ». In order to do so we need to compute the
integrals J,, ;.

P (5 if 5 —if. )
Ik ::j ¢,(cos 0; «, B, 5) (0e”, 0¢” 7. 4 w(cos 0; a, B, 8) sin 0 df)
1] k

(poe”, poe =" q)
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for k <n. Substituting for ¢, from (5.26) and using the g-beta integral
(5.21) we get

5 _B.ab af’0q"; q) Z (g " adq" q), q’b,,
T adgt ), T g aBPoqR q), 1 — 2B

In order to apply (5.16) we must choose b, ; as

_ (1 _uzl[}qzj)(aﬁ'_’o‘qn~l; q)j

b= 2BY(od
ni (1 —aB)ad; q),

; (5.28)

hence

;o (B qB. af?0q" q). (¢ " q" "B ¢
T (B adgh q), (0, q' RS g,

Thus (5.26) becomes

q«n’ aﬂl&‘qurl’ a(,i(l‘ e il)’ qa\/B’ _qa\/[_;
RN

q‘q>-

{5.29)

¢ (cos O 2, f,3)= ¢s <

This establishes the biorthogonality relation

a1

J b a, B, oY, (x;a, B, 0) w(x; o, B,0) dx
-1

__(B.gB.xB%q" q), (ﬁz-q;q),,(l—uzlféqz”*')(océ)”d (530)
(I—oB)ad. 2 gsq),  (1—2°fdg" ')adi q), '

valid for |«|, |B], |0] < 1.

Special cases of the i,’s have appeared in the literature as special cases
of the Askey—Wilson polynomials. The case f=0 gives the Al-Salam-
Chihara polynomials [ 4, 57, as can be seen by comparing (5.26) and (5.29)
with (4.1). The case a =d =0 of (5.21), (5.22), (5.26), and (5.29) gives the
g-ultraspherical polynomials of Rogers [ 3, 5] but the justification is not as
straightforward. It can be justified, however, by using the generating

function [ 19]
4, Q>

q, q>. (5.31)

(ac, ad, q), q ", abedg™ ', ae, ae "

(.- q), (ta)" 403 <

¢ aei{), b(’m
=29
ab

aael

ab, ac, ad

(’6’7”), defill
g q) 2¢1< od
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In a private communication. Askey mentioned that he can let a— 0
in (4.1) and can show directly that lim,  ,x "P,(x;a, f, 7, d|q) exists
and find its value. We do not know how to compute the limit
lim, _ 527", (x; a, B, d]q) directly but we suspect that Askey’s direct argu-
ment may work here. In [ 27] Rahman made the transition to the a =6 =10
case by using a ¢, representation for the g-ultraspherical polynomials,
writing ¢, as a combination of ,¢;’s, applying Sear’s transformation for
+¢+’s to the ,, and the ,¢.’s in ¢, and then taking the hmit o, J — 0.
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